Within the context of scalar-tensor gravity, we explore the generalized second law (GSL) of gravitational thermodynamics. We extend the action of ordinary scalartensor gravity theory to the case in which there is a non-minimal coupling between the scalar field and the matter field (as chameleon field). Then, we derive the field equations governing the gravity and the scalar field. For a FRW universe filled only with ordinary matter, we obtain the modified Friedmann equations as well as the evolution equation of the scalar field. Furthermore, we assume the boundary of the universe to be enclosed by the dynamical apparent horizon which is in thermal equilibrium with the Hawking temperature. We obtain a general expression for the GSL of thermodynamics which its validity depends on the scalar-tensor gravity model.
I. INTRODUCTION
Cosmological observations containing the cosmic microwave background [1, 2] , the Hubble parameter [3] , type Ia supernovae [4] , and baryon acoustic oscillations surveys [5] , suggest that our Universe is currently undergoing a phase of accelerated expansion. The proposals that have been put forth to explain these interesting discoveries can basically be classified into two categories. One is to assume the cosmic speed-up might be caused within general relativity (GR) by a mysterious cosmic fluid with negative pressure, which is usually called dark energy (DE) . However, the nature of DE is still unknown and the problem of DE is one of the hardest and unresolved problems in modern theoretical physics (see [6, 7] and references therein).
Alternatively, the acceleration could be due to purely gravitational effects, named modified gravity, i.e., one may consider modifying the current gravitational theory to produce an effective DE. One such modification is referred to as f (R)-gravity, in which the EinsteinHilbert action in GR is generalized from the Ricci scalar R to an arbitrary function of the Ricci scalar (for a good review see [8] and references therein). There are also some other classes of modified gravities containing f (G) [9] , f (R, G) [10] and f (T ) [11] which are considered as gravitational alternatives for DE. The modified gravity can unify the early-time inflation with late-time acceleration without resorting to the DE [8] . Moreover, modified gravity may serve as dark matter (DM) [12] .
In the context of modified gravity, there is also a large class of models called scalar-tensor theories [13, 14] , which take into account the effects due to the non-minimal coupling term in Brans-Dicke theory by making the effective gravitational coupling strength G eff ∼ φ −1 depend on the space-time position and being governed by distant matter sources. Modern interest in Brans-Dicke and scalar-tensor theories is motivated by the fact that they are obtained as low-energy limits of string theories. It was shown that metric and Palatini (but not metric-affine) modified gravities can be reduced to scalar-tensor theories [19] . Thermodynamics of the accelerating universe driven by the DE or dark gravity (due to the modified gravity effect) is one of interesting issues in modern cosmology. In the context of black hole thermodynamics, Jacobson using the first law of thermodynamics on the local Rindler horizons and assuming the Bekenstein-Hawking entropy-area relation S BH = A/(4G), where A is the area of the horizon and G is Newton's constant, was able to derive the Einstein equations [20] . The study on the connection between gravity and thermodynamics has been extended to cosmological context. It was pointed out that the Friedmann equation in the Einstein gravity can be obtained using the first law of thermodynamics (Clausius relation) −dE = T A dS A on the apparent horizonr A with the Hawking temperature T A = 1/(2πr A ) and Bekenstein-Hawking entropy S A = A 4G [21] . The relation between gravity and thermodynamics has been further disclosed in extended gravitational theories, including the f (G) theory [21] , scalar-tensor gravity and f (R)-gravity [22] , Lovelock theory [23] and braneworld scenarios (such as DGP, RSI and RSII) [24] .
Note that the entropy-area relation S A = A 4G familiar from GR is still valid in the other modified gravity theories provided that Newton's constant G is replaced by a suitable effective gravitational coupling strength G eff . For instance, the effective Newton's constant in f (R)-gravity and f (T )-gravity are given by G eff = G/f ′ (R) [25] and G eff = G/f ′ (T ) [26] , respectively, where prime denotes a derivative with respect to the Ricci R and torsion T scalars. In scalar-tensor gravity, the geometric entropy is also given by S A = A 4G eff [19, 27] with G eff = G/F (φ) [19, 27] .
In addition to the first law of thermodynamics, the generalized second law (GSL) of gravitational thermodynamics, which states that entropy of the fluid inside the horizon plus the geometric entropy do not decrease with time, has been studied extensively in the literature [28] - [37] . The GSL of thermodynamics like the first law is a universal principle governing the Universe. Here, our aim is to investigate the GSL of thermodynamics in the framework of scalar-tensor gravity. As one of the most important theoretical touch stones to examine whether scalar-tensor gravity can be an alternative gravitational theory to GR, we explore the GSL of thermodynamics in scalar-tensor gravity, and derive the condition for the GSL to be satisfied. The paper is organized as follows. In section II we investigate the scalar-tensor gravity and extend it to the case in which there is a non-minimal coupling between the scalar field and the matter field (as chameleon field). In section III, we explore the GSL of thermodynamics on the dynamical apparent horizon of a Friedmann-RobertsonWalker (FRW) universe filled with the ordinary matter which is in thermal equilibrium with the Hawking temperature. In sections IV-VIII, we examine the validity of the GSL for some viable scalar-tensor gravity models containing Brans-Dicke gravity, Brans-Dicke gravity with a self interacting potential, chameleon gravity, chameleonic generalized Brans-Dicke gravity and chameleonic Brans-Dicke gravity with a self interacting potential. Section IX is devoted to conclusions.
II. SCALAR-TENSOR GRAVITY
In the Jordan frame, general action of the scalar-tensor gravity can be written as
where k 2 = 8πG. Also g, R, φ and L m are the determinant of metric g µν , the Ricci scalar curvature, the scalar field and the matter Lagrangian, respectively. Also F (φ), Z(φ) and E(φ) are arbitrary dimensionless functions, and U(φ) is the scalar field potential. Note that in action (1), the terms F (φ)R and E(φ)L m show that the scalar field φ is nonminimally coupled to the scalar curvature (as Brans-Dicke field with F (φ) = φ) and the matter Lagrangian (as chameleon field), respectively. In the absence of chameleon field, i.e. E(φ) = 1, Eq. (1) reduces to the ordinary action of the scalar-tensor gravity theory [38] .
Taking variations of the action (1) with respect to g µν and φ lead to the corresponding field equations in scalar-tensor gravity as
where
Rg µν is the Einstein tensor, R µν is the Ricci tensor and T m µν is the energymomentum tensor of the matter fields. Also ∇ µ is the covariant derivative associated with g µν and the subscript φ denotes a derivative with respect to the scalar field φ (i.e. F ,φ = dF/dφ).
We assume that T m µν has the form of the energy-momentum tensor of a perfect fluid
Now we consider a spatially non-flat universe described by the FRW metric
where K = 0, 1, −1 represent a flat, closed and open universe, respectively. Substituting the FRW metric (5) into the field equations (2) yields the Friedmann equations in scalar-tensor gravity as
Also Eq. (3) for the FRW metric (5) gives the equation governing the evolution of the scalar field as
and H =ȧ/a is the Hubble parameter. Here the dot denotes a derivative with respect to cosmic time t. Note that in the absence of chameleon field, i.e. E(φ) = 1, Eqs. (6), (7) and (8) are same as those obtained for the ordinary scalar-tensor gravity [38] .
The Friedmann equations (6) and (7) can be rewritten in the standard form as
where ρ t and p t are the total energy density and pressure defined as
Here ρ φ and p φ are the energy density and pressure due to the scalar field contribution defined as
Note that the scalar field contributions ρ φ and p φ in scalar-tensor gravity can justify the observed acceleration of the universe without resorting to the DE. For a special case F (φ) = E(φ) = 1, from Eqs. (14) and (15) we have
then Eqs. (10) and (11) transform to the usual Friedmann equations in the Einstein gravity.
The energy conservation laws in scalar-tensor gravity can be obtained aṡ
Also ρ φ and p φ satisfy the following energy equatioṅ
Note that the set of equations containing the Friedmann equations (6) and (7), the evolution equation of the scalar field (8) and the continuity equation governing the matter field (16) are not independent of each other. Taking the time derivative of Eq. (6) and using Eqs. (8) and (16), one can get the second Friedmann equation (7). In the next sections, we take the set of Eqs. (7), (8) and (16) which can uniquely determine the dynamics of the Universe.
III. GSL IN SCALAR-TENSOR GRAVITY
Here in the context of scalar-tensor gravity theory, we explore the GSL of gravitational thermodynamics on the dynamical apparent horizon of a FRW universe filled only with ordinary matter which is in thermal equilibrium with the Hawking temperature. The GSL states that the sum of entropy of fluid filling the universe along with the entropy of the cosmological horizon must be increasing (or non-decreasing) function of time [21] .
For a spatially non-flat FRW universe, the dynamical apparent horizon takes the form
which in the case of flat universe (K = 0), it reduces to the Hubble horizon, i.e.r A = H −1 .
On the apparent horizon, the associated Hawking temperature is defined as [21] 
where the condition˙r A 2Hr A < 1 is necessary due to having a positive temperature. Cai et al. [40] using the tunneling approach, proved that there is indeed a Hawking radiation with temperature (20) , for a locally defined apparent horizon of a FRW universe with any spatial curvature. The entropy of the matter inside the horizon satisfies the Gibbs equation [28] 
A is the volume of the dynamical apparent horizonr A containing the matter. Taking the time derivative of Eq. (21) and using (16) gets the equation governing the evolution of the matter entropy as
Using Eq. (7), it can be rewritten as
The geometric entropy in the scalar-tensor gravity is given by [27] 
where A = 4πr 2 A is the area of the apparent horizon. Taking the time derivative of Eq. (24) and using (20) yields the evolution of the horizon entropy as
Now according to the GSL of gravitational thermodynamics, we can consider the entropy of the universe as the sum of the entropy of the matter inside the horizon, and the horizon entropy. Adding Eqs. (23) and (25) and using the auxiliary relatioṅ
the GSL in scalar-tensor gravity reads
and S tot = S m + S A . Equation (27) shows that the validity of the GSL, i.e. T AṠtot ≥ 0, depends on the scalar-tensor gravity model. For instance, in the Einstein gravity, i.e.
F (φ) = E(φ) = 1 and Z(φ) = U(φ) = 0, the GSL (27) yields
which shows that the GSL in Einstein's gravity is always satisfied throughout history of the universe. In what follows, we are interested in examining the validity of GSL for some viable scalar-tensor gravity models. We further assume the Universe to be spatially flat, i.e. K = 0, which is compatible with the recent observations [1] .
IV. MODEL I: BRANS-DICKE GRAVITY
The action of Brans-Dicke (BD) theory is given by [41] 
where ω is the dimensionless BD parameter.
By comparing the actions (32) and (1) one can get
Substituting the above relations into Eqs. (8) and (16), for a flat universe (K = 0) one can
Also the GSL (27) for a flat universe (K = 0) reduces to
where we take k 2 = 8πG = 1. Equation (35) for the pressureless matter (i.e. p m = 0) yields
Replacing Eqs. (33) and (37) into the second Friedmann equation (7) yields
To obtain the evolutionary behavior of the GSL (36), we first need to know the time evolution of both the Hubble parameter H(t) and the scalar field φ(t). To do so, one can obtain a(t) and φ(t) by the numerical solving of Eqs. (34) and (38) . 
and the effective equation of state (EoS) parameter,
in terms of redshift are plotted in Figs. 1(d) and 1(e), respectively. 
V. MODEL II: BD GRAVITY WITH A SELF INTERACTING POTENTIAL
The action of BD theory with a self interacting potential and a matter field is given by
[45]
with
Here λ and µ 0 are two constants and n is a positive integer.
By comparing the actions (41) and (1) we find
Inserting the above relations into Eqs. (8) and (16), for a flat universe one can obtain
where the evolution of ρ m for the pressureless matter (p m = 0) is same as that obtained in (37) .
Here the GSL (27) for a spatially flat universe takes the form
where k 2 = 8πG = 1.
Inserting Eqs. (37) and (43) into the second Friedmann equation (7), one can find
which is same as Eq. (38) for the BD gravity model (32) . Because the form of potential of the scalar field doesn't appear in the second Friedmann equation (7).
Taking Ω m 0 = 0.27 [2] , ω = 1.2 [42] and n = 1 [45] , the time evolution of both the scale factor a(t) and the scalar field φ(t) can be obtained by numerical solving of Eqs. (44) and (47) (46) for the BD gravity model (41) with a self interacting potential (42) . The result is plotted in Fig. 2(f) . The figure shows that the GSL for our model is satisfied from early times to the present epoch. But in the future the GSL is violated for z < −0.15.
VI. MODEL III: CHAMELEON GRAVITY
The action of chameleon gravity in the presence of matter is given by [46, 47] 
where φ is the chameleon scalar field with the potential V (φ).
Comparing the chameleon gravity action (48) with action (1), one can get
With the help of these relations, Eqs. (8) and (16) for a flat universe read
where we take k 2 = 8πG = 1. Taking the integration of Eq. (51) for the pressureless matter (p m = 0) gives
Substituting the relations (49) into (27) gives the GSL for a flat universe as
According to [47] we consider both f (φ) and potential V (φ) appeared in (48) behave exponentially as
where f 0 , V 0 , b 1 and b 2 are arbitrary constants.
Using Eqs. (52) and (54), the evolution Eq. (50) for the pressureless matter (p m = 0)
givesφ
Also the second Friedmann equation (7) reads
Finally, the GSL (53) takes the form
From numerical solving of Eqs. (55) and (56) one can obtain a(t) and φ(t). Fig. 3(f) . The figure shows that the GSL in this model is violated for the range of −0.88 < z < 0.37. This is in contrast with that obtained in [47] . Authors of Ref. [47] investigated the GSL in flat FRW chameleon cosmology and showed that in an expanding universe, the GSL is always respected.
VII. MODEL IV: CHAMELEONIC GENERALIZED BD GRAVITY
The action of chameleonic generalized BD gravity model is given by [42] 
where there is a non-minimal coupling term, f (φ)L m , between the chameleon scalar field and the matter field.
Comparing Eq. (58) with action (1) gives
Using these, Eqs. (8) and (16) for a flat universe read With the help of relations (59), the GSL (27) for a flat universe yields
According to [42] we take
Substituting Eqs. (52) and (63) into (60) for the pressureless matter (p m = 0) gives
Also the second Friedmann equation (7) gives
Moreover the GSL (62) reduces to
Taking Ω m 0 = 0.27 [2] , ω 0 = 1.2, n = −2, f 0 = −7 and b = −0.4 [42] , the time evolution of both the scale factor a(t) and the scalar field φ(t) can be obtained by numerical solving of Eqs. (64) and (65) in Fig. 4(f) . The figure shows that the GSL for this model is violated throughout history of the universe.
VIII. MODEL V: CHAMELEONIC BD GRAVITY WITH A SELF INTERACTING POTENTIAL
Within the framework of chameleonic BD gravity with a self interacting potential, the action is given by [48] 
Here in comparison with action (1) we have
Using the above relations, the evolution Eq. (8) and the continuity Eq. (16) for a flat universe take the forms
where k 2 = 8πG = 1. Solution of Eq. (70) for the pressureless matter (p m = 0) is same as that obtained in (52).
Replacing the relations (68) into (27) gives the GSL for the chameleonic BD gravity with a self interacting potential as
According to [16] we consider the inverse power-law potential
where M has units of mass and n is a positive constant.
We further take [42] 
where f 0 and b are constant parameters.
Inserting Eqs. (52), (72) and (73) into (69), for the pressureless matter (p m = 0) one can obtainφ
Also the second Friedmann equation (7) reduces to
Furthermore the GSL (71) yields
From Eqs. (74) and (75), the scale factor a(t) and the scalar field φ(t) can be obtained, Using the numerical results obtained for H and φ, the evolutionary behavior of the GSL (76) for the chameleonic BD gravity with a self interacting potential is plotted in Fig. 5(f) .
The figure shows that the GSL for this model is satisfied from early times to the present epoch. But in the future the GSL is violated for z < −0.53.
IX. CONCLUSIONS
Here, we investigated the GSL in the framework of scalar-tensor gravity. In a general theory of scalar tensor gravity, a scalar field can be nonminimally coupled both to the scalar curvature (as Brans-Dicke field) and the matter Lagrangian (as chameleon field) in the action. Hence, we extended the actio of ordinary scalar-tensor gravity theory to the case in which there is a non-minimal coupling between the scalar field and the matter field. Then we derived the associated filed equations governing the gravity and the scalar field. For a FRW universe filled with the ordinary matter, we obtained the modified Friedmann equations as well as the evolution equation of the scalar field. We further assumed the boundary of FRW universe to be enclosed by the dynamical apparent horizon which is in thermal equilibrium with the Hawking temperature. Then we obtained a general expression for the GSL of gravitational thermodynamics. For some viable scalar-tensor gravity models containing BD gravity, BD gravity with a self interacting potential, chameleon gravity, chameleonic generalized BD gravity, and chameleonic BD gravity with a self interacting potential, we first obtained the evolutionary behaviors of the matter density, the scale factor, the Hubble parameter, the scalar field, the deceleration parameter as well as the effective EoS parameter.
Then, we examined the validity of the GSL for the aforementioned models. Our results show the following. (iv) The aforementioned models can give rise to a late time accelerated expansion phase for the Universe. The deceleration parameter for the all models shows a cosmic deceleration q > 0 to acceleration q < 0 transition. In the BD gravity model, the chameleon gravity model and the chameleonic generalized BD gravity model, the cosmic transition from q > 0 to q < 0 occurs in the near past which is compatible with the observations [43] . For all models but the BD gravity model, at late times (z → −1), the deceleration parameter approaches a de Sitter regime (i.e. q → −1), as expected. 
